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CERTAIN VERSIONS OF THE FORMULATION OF PROBLEI:IS OF
NON-LINEAR ELASTICITY IN TERMS OF STRESSES

S.Ia. Makovenko

New versions of the formulation of static non-linear elasticity theory
problems are elucidated in terms of stresses for materials with locally
reversible state laws (for instance, for a semilinear John material /1/),
that reduce to the solution of nine equations in the Piola stress tensor
component for six or three boundary conditions and three integral conditions.
This paper is related to the investigations in /2—7/ devoted to analogous
problems of the mechanics of a solid linearly deformable body. Examples

are presented of the realization of one of the versions.

1. Traditional formulation of the problem in terms of stresses (Problem A).
In a certain Lagrange system of coordinates let the defining relationships relating the Piola
stress tensor P and the gradient of the position vector VR be given in the form
P = pPii (VR) (P =P (VR))
and also let the following reversible relationships hold

(VR)yy =Cy (P) (VR=C(P)) (1.1)
For a semilinear John material /1/
1
Cii(B)y= 57 I_P"g-igtj-i-(zll'— T fl)bij] (1.2)

where g,; are the metric tensor components of the undeformed medium, b;; are the components of
the tensor (P.PT)"'.P, f, is the first invariant of the tensor {(P.PT)s, and p, v are constants
of elasticity.

Let the following equations of statics be given

VP4 Ki=0 (V.P+K=0) (1.3)
where K are given volume forces and boundary conditions of mixed type: the forces [fdO/do or
f, ("dead” loads) are given on the part o, of the body boundary, while on the other part o,

we are given the position vector R,
RiPP oy = —— = fo’s Xiloy =" (1.4)

In addition, in the case of the action of adead load the Signorini integral compatibility
condition must be satisfied /1/

(RxKdv+ (R xfhdo=0 (1.5)

which expresses the fact that the principal moment of the external forces vanishes in the
deformed state of the body. We will assume that all the functions introduced possess the
smoothness needed to carry out the transformations employed. We shall also assume the pre-
sence of a "natural", i.e., unstressed, state of the initial undistorted configuration of
the body. Moreover, unless otherwise stated, we will confine ourselves to the following dead
loading:

KdV = K,dv, 1d0 == fydo (1.6)

and we will assume the dimensions of the elastic body to be finite.

If the volume v occupied by the body prior to deformation is a simply-connected domain,
the necessary and sufficient conditions for.the system of differential equations (1.l) to be
integrable with respect to the component jy; of the position vector R are the conditions that
the non-symmetric tensor should vanish, viz.
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Mi =% 0y PY=0 M=V X C(P)=0) (1.7

In this case, the position vector R can be expressed in terms of the Piola stress tensor

4
R=R(g) + § dr-C(P) (1.8)
Te

where ¢ g, is the arc of integration with origin at an arbitrarily fixed point ¢, , and bound-
ary conditions (l1.4) can be written in the form

"ipij|m=fo] (R'P[m‘—"fo) (1.9)
% (P) Ion == Xia (R (P) {oa = Ro)

The traditional formulation of the static problem of the non-linear theory of elasticity
in terms of stresses (Problem A) is given by relationships (1.3), (1.7), (1.9), and (1.5).

As in the linear formulation, the problem in terms of stresses turns out to be overdefined:
nine components of the non-symmetric Piola stress tensor should satisfy the 12 equations (1.3)
and (1.7) in general complexity.

New modifications of the formulation of the problems in the non-linear theory of elastic-
ity in terms of stresses, which are completely equivalent to the traditional formulation
(Problem A) but free from the overdefinition properties of the system of governing equations
are elucidated below.

2. Method of combination equations (Problem B). Following /2—4/, we set

' =V,P7 4+ K (a=V.P + K) (2.1)
b; = tjab (b=T.a)

where T is an arbitrary non-degenerate tensor.
As a— 0 we evidently have b—( and conversely.
Let us form the combination equations

g (g + MV Cy) =0 (Vb4 ¥ X C=0) (2.2)
Also, for points lying on the surface of an undeformed body, let
a’ lo=0 (a 'o=0) (2.3)

The new formulation of the problem in terms of stresses (Problem B) is given by (2.2),
(1.9), (1.5) and (2.3): nine Piola stress tensor components should satisfy nine equations
(2.2), six boundary conditions (1.9) and (2.3), and condition (1.5).

Theorem 1. Problem B is equivalent to Problem A.
We apply the operation div to (2.2). Taking into account that V-V X C=0, as well as
(2.3), we obtain

V=0, bl =0 (2.4)

When (2.4) is satisfied b= 0 everywhere in the domain v. It is sufficient to prove this
assertion in some particular system of coordinates Cartesian, say. Then it will also be true
in any other allowable system of coordinates because of the invariance of the tensor relations.
But all the components of the vector b are harmonic functions in a Cartesian system of coordin-
ates, equal to zero on the contour o, and therefore, are everywhere equal to zero in v because
of the properties of harmonic functions. Consequently ! = () everywhere in v also. It now
follows from (2.2) that Mi=0. Thus, satisfaction of the conditions of problem B results
in identical satisfaction of the conditions of Prcoblem A.

The converse assertion also holds. Indeed

=0=b=0=Vb=0
and together with (1.7), (2.2) and (2.3) of Prcblem B are satisfied identically. The theorem
is proved.

3. Method of weakened strain ¢compatibility conditions (Problem B). Here
and henceforth, let the domain v be a hexahedron bounded by the coordinate surfaces q =c' + A},
where ¢'=¢ are mean surfaces of the domain v, and k' are arbitrary parameters character-
izing the dimensions of the domain v. (An arbitrary simply-connected domain with smooth
boundaries can always be inscribed in a coordinate hexahedron, and a function given in v can
be predetermined therein in a continuous manner /8/)

Everywhere in the domain v let

M2 = M2 = M= M= Y= M3t =0 (3.1)
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and suppose the remaining components M, M2, M® vanish only an individual fixed coordinate
surfaces, namely
Mt =0 on gi=ct (1,2, 3) (3.2)

A new modification of the formulation of the problem in terms of stresses (Prcblem B) is
given by (1.3), (3.1), (1.9, (3.2), (1.5).

Theorem 2. Problem B is equivalent to Problem A.

It is obviously sufficient to prove that conditions (3.1), (3.2) are equivalent to condi-
tions (1.7). 1Indeed, the components M# of the tensor M=V X C(P) are only conditionally
independent, being related by the three differential equations

VMi=0 (VWM=V.Vx C(P)=0) (3.3)

Taking (3.1) into account we can convert (3.3) to the form

oym*t + Cu'mtt 4 Tp'm® 4+ Tye'm® =0 (4, 2, 3) (3.4)

(6i...5—(;q"—', m“='|/g—M'“. g=det[g,,]>0)
where Ty are Christoffel symbols of the second kind.
According to conditions (3.2)

mit=0, ¢=ct (1,2, 3) (3.5)

We have arrived at a homogeneous Cauchy problem (3.4) and (3.5) which has the obvious
trivial solution
mi=m2=m¥=0 (3.6)

everywhere in v.

If the coefficients Fﬁi have the property of continuity in the domain w, the trivial
solution (3.6) will be unique in .

Let us prove this. To this end we replace (3.4) and (3.5) by an equivalent system of
homogeneous Volterra integral equations of the second kind

)
¢ 3 i s
m“+ S 2 I'j’-‘m”dE'EO (3.7)
of i=1
We consider the first quadrant » of the domain v:

n={d:cd<gig i+, i=1, 2 3)

We assume that together with the trivial solution (3.6), a non-trivial sufficiently smooth
solution mit exists that also satisfies (3.7). 1In this case, at a certain point g¢iev, the
quantity

m=a |m|+ aym®|+ ay|m*|
(@ >0 are dimensional coefficients) takes the maximum value my,>0.
Let us consider

3 ot 3 o
me = 3} “il S 2 rﬁ‘”‘”dall< moh

i=1 o =1

3 3 §
Q, N
(=-X% )
=1 j=1

Therefore, there should be 1k which is impossible because of the arbitrariness of h.

This contradiction proves the uniqueness of the trivial solution (3.6) in the first
quadrant .

The uniqueness of the solution (3.6) in the remaining quadrants of the domain v is proved
analogously.

In the Cartesian coordinate system TIj=0=m"=0 everywhere in v, in agreement with
(3.7), the domain v can here be unbounded also.

Thus, conditions (3.1) and (3.2) are equivalent to conditions (1.7). The theorem is
proved.

Conditions (3.1) (fundamental) and (3.2) (additional) are one of the modifications of
weakened strain compatibility conditions. We have just 27 such modifications equivalent to
one other. <Combinations of the components M' corresponding to an additional group of cond-
itions of certain modifications are presented in the table. The missing combinations are
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obtained from those in the table by cyclic permutation of the superscripts. Six of the nine
components of MY not in the additional group are in the fundamental group of conditions of
the same modifications.

It can be shown in the same way that all the weakened strain compatibility conditions
obtained in this manner are equivalent to conditions (1.7).

N qt = ¢t ¢ = c* @ = o

H Mn Ars2 A

2 An Az e

3 Afn A b2 Gl

4 B, s - Ans

5 M — M, AP -
6 M# — My, M5B
7 — — M3, M, A8
8 M3t M2 M3

] — M2 M3, M
10 - Mr MB, M
ii —_ M, M= Hn

4. Method of integro-differential strain compatibility conditions(P roblem
T'). consider the relations

3t — D'ty =Ci;(R) (VR=C(P)) (4.1)
We take any three of the nine eguations, which is a system integrable with respect to ¥
By Xm— Lo s = Ca,m(P) (m=123; Vsp={1, 2, 3)) (4.2)

which contains 27 different modifications depending on the combinations of values of the sub-

scripts Sy -
We integrate (4.2) with respect to ¥m, or equivalently, we find the solution of a system

of integral eguations of the form
Ym = In"%n = ¥m -+ L (4.3

g™ *m
(ta... = S T2 m. .. dEm, 1p,,.=q§ Copm (PYAE™™)

em

where &m = ‘X.mlq’,,,mxm are arbitrary two-dimensional functions defined on a fixed surface ¢'m=
',
We represent (4.3} as the operator equation
I—-L)yR=%+¢ (4.4)
R ==col (x;, %Xa Xahr ¥ =rcol (Y, Yu\ )
E=col Gy G Za)y L...=]k" lnym=t 20

The space of continuous functions in the domain v is denoted by (, by introducing the
norm | wllo = max {u |
T

in this set.
Correspondingly, we define the vector functional space C, with the norm

3

"“"uzg Hue o

1

We set
I &C RGvEC
in the problem under consideration.
If the domain of definition of the operator L is the set C,, the domain of values will
evidently be the set of elements a = LeRe&=C,, i.e., the operator L maps C,into itself.
It can be confirmed that the operator L is linear and continucus in C,, and its norm
allows the obvious estimate.

P

3
§L§B<q&’m§1 §I‘§;ﬂ§§,k’”

n:

>

from which it can be seen that the norm depends on the dimensions of the domain v. We con-
strain these dimensions in such a way that the following condition is satisfied:
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g<<1 (4.5)

Condition (4.5) ensures the existence of the operator (I — L)?'=DB which is the inverse
of the operater I — L and is representable in the form /9/

B— 3 L' (4.6)

where the operator B, like L, is also linear and continuous in C,.

The existence of the inverse operator B ensures that the solution of the operator equa-
tion (4.4) is unique, that it depends continuously on the given vector function ¢ and the
arbitrary function § , and that it can be represented in conformity with (4.6) in the form

R=B-(¢+ §)=k§0L"~(¢ +1)

or written in component-by-component form

Xm=Lmn (pn + ;n): (4.7)
(Lo = Op"eee + Ipp"ee. + lmili"... + lmilijl"ju.-l-...)

Substituting (4.7) into (4.1), we obtain the strain continuity condition in terms of
stresses in the integro~differential form

B ... — i L™ )b + &n) = Ciy (P) (4.8)
G, 7) #= (Sm» M)

Conditions (4.8) can obviously be interpreted as the conditions for (4.1) to be solvable
in the form (4.7).

The new modification of the problem in non-linear elasticity theory in terms of stresses
(problem I') is given by (1.3), (4.8), (1.9) and (1.5).

Theorem 3. Problem I' is equivalent to Problem A.

The equivalence of conditions (4.8) and conditions (l1.7) must be proved as well as the
identity of representations (1.8) and (4.7) of the position vector R (P). We temporarily
denote the vectors (1.8) and (4.7) by R, and Ry, respectively.

Suppose we know that conditions (4.8) are satisfied, i.e., VRr==C(P). Then

¥ X VRp=V x C (P) = 0.
Setting gqo = (¢!, ¢% ¢%) we have

q
Ry =R(q) +S dr-VRr=Ryp
@

which it was required tc prove.

Theorem 4. The strain integro-differential compatibility conditions of the form (4.8)
are a corollary of the variational principle of the stationarity of complementary work.

According to the principle of the stationarity of complementary work /10/, the quantity
called complementary work has a stationary value in an actually realizable equilibrium state,
written in the form

(6P..c7 (Pydv —{ n-8P-Rydo=0 (4.9)
v 01
Statically possible states of stress are subjected to comparison, consequently
0 on Og
V.8P =0, n'6P={6fo on o (4.10)

Relying on conditions (4.10) and on the well-known formula for converting a volume into
a surface integral, we can verify the validity of the relationship

- S(GPI‘ -(CT (P) —VRE) + 8P..VR])dv + SM.,-R,-dosO (4.11)

v [}

2 8
(8P = 3 v, ri6P™)
=n]
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where r; is the vector basis of the v-configuration.

Combining (4.9) and (4.ll) and equating the factors in the integrands to zero for arbi-
trary and independent variations 8P — 8P, and 0&f,, we arrive at the strain continuity condition
C(P) — VRr=0 and the kinematic boundary condition (Rr— Rg)|, = 0. The theorem is proved.

5. Examples of representations of Problem I. Axisymmetric strain of a solid of
revolution. We select the cylindrical coordinates

@ KEK<A (P 0<¢<2n, <P
as material coordinates by superposing the ¢* axis on the axis of the solid of revolution.
In the case under consideratiocn

pii = pii (qu $#), P12 = pit = pB = P32 = {5.1)
In conformity with (1.2), we obtain
M p
Cu=2—“-+bcosu. sz=<gn"?p—+6)gz'z (5.2)
Viiad P
Cy =+ dcosa, C,,=—E+6sina
J
Cyy =55 —8sing, Cu=Cu=Cyu=Cy=0
¥
d=1 — L @t Pigy)
g = [(PY* + P33 4 (P13 _ psx)z]‘/:

. “ Pl pw . P1s__ pa
En=gq", cosa =——"—, sing = ——F——

The equilibrium equations (l1.3) and the strain continuity (4.8) for s =3 =s =23 are
transformed to the form

LPY 4 gPW — PB4 K1 =0 (5.3)
1...
WP L UPB L K3 =0 (11...561...-%- . )
9ty = Cypy s = Cigr ¢'% = Cns (5.4)
where
¢ g
xl=§l+scﬂld5'v %2 =0, stcs-l-SCudE’ (5.5)

cd ct
When the surface forces f(f) are given we append the boundary conditions
Pl o= ——(=1") (Li=13) (5.6)

to equations (5.3) and (5.4).
If the state of stress is not accompanied by rotations (@=0), and there are no mass forces
(Kt = K® = 0), the solution of the system of equations (5.3) and (5.4) can be expressed in terms

of the harmonic function L")

mo I o (4, b .
TN % T, (711‘ 1"’+E—%)

p= pu pPu
T =Ml = g = 0o

b
x1=all‘b+?| Xs=0Y+ (P —¢%)+a

{ v+ {1 —2v)d 14 v—vd
(Cl = t—w v =TS '
a, b, d = const)
In particular, setting ¢ = t(¢® —c®) — ag® — {gy/2 (t = const), we arrive at the well-known solu-

tion obtained for a hollow cylinder by the method of displacements /1/.

Plane strain of a prismatic body. We select the Cartesian coordinates gi, g% ¢¢ of the

reference configuration (i< ¢t < dj) as material ccoordinates.

Keeping the same scheme of representing the Problem I as in the preceding example, we
arrive at relationships that are completely analogous to (5.1)—(5.6) with the sole difference
that now it should be considered everywhere that gy=1,l...=d..., the term ¢tP2 should be

discarded in the first equilibrium equation, the third equation in (5.4) should be replaced

DY Cy=c = const, and we put y,=cg® in (5.5).
The solution of (5.3) and (5.4) is represented in the case under consideration when there

are no mass forces by
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pm P p1s P
7-”—=6a®, W-—--axﬁ 7;=mf. Pk — 6,0

32 —_f - 1
= ST e (@ Gt
BU=Y+ T x=—0p— @

where ¢ is a harmonic function and the functions ® and f should satisfy the equations

34D — 81f = g cos a/2u (5.7)
9, @ + 95f = ¢ sin a/2p

q ve— 1 — v+ g* M . Oy6g¥
(—2}1—=Wl—‘\’ y COSOL = — pr) blna::——?*—)

System (5.7) obtained is identical with the corresponding complex equation of the method
of displacements /1/.

Three-dimensional strain of thick slabs. We refer the medium occupied by the slab to a
Cartesian system of coordinates (¢i=gz;). The equilibrium (1.3), and the strain continuity
equations (4.8) for s, =3,c'm=0, the displacement formulas (4.7), and the equations of state
for the semilinear material form the initial system

aipii+ K! = 0, Cm] = amxj (5.8)
X3

x,=£,-+$ Cy;d6 (m=1,2j=1,23)
]

f

1-2-“2«) [(1 = 2v) C;; + (VC— 1 —v) 8+ F, )

Fig= (1 +v) (8;; — ai) + v (J1a;5 — Cbip
C=Cpy+ Cy+ Ca

where §;; is the Kronecker delta, J; is the first invariant of the tensor (c.CT)‘/’, aj; are compon-
ents of the rotation tensor (C-€T)7f.c, and ;= {;(*, %) are arbitrary two-dimensional func-
tions.

In the case of conservation of the principal directions of the tensor of the Cauchy strain
measures gy =%y, C=J;, and F;=0. Hence, the functions F;; are components of the correct-
ing tensor.

We will determine F;; by the method of successive approximations, thereby linearizing the
problem.

In turn, we will solve the linear problem by the method of "initial functions" by reduc-
ing the three-dimensional problem to a two-dimensional one.
Using Lur'e's symbolic method /ll/, we introduce the following notation for the operators
... =0, 0...=8, 83 ..+ 8 .. =
Let
Py = aFyy + PFy + 85F5 + K; (1 — 2v)/(2p)
be the reduced volume load, and C(g. Cy. C33 resolving functions. We convert the initial equa-
tions (5.8) to a system of three governing equations
X3

§ 11— ) ¥ Con + v (@Cpr — BCu)] dBs + v& (Cos + BLa) + (5.9)
0
(1 —29)0,Co +[(1 =V P =B L+ Pi=0 (1,2), (aB)

X3

(129§ Coadls + v (@Cas + BCua) + (1 — ) 85Css + (1 = 29) y2%a + Py = 0
[}

We introduce the following transcendental operators
®; = sin yzg, W, = COS Y3
1
g = == (01 + Z3701)

X3

il . .)-_—.S (25 — Eg) 8iD Y (25 — &) (. . .} dEs
¢

iﬁ(...)=g (25 — Eg) €08 ¥ {25 — &3 (. . .) dEs

[)

N .
is(...)=g siny (zs — £a) (- - .) d&s
0
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X3

-

i(.. .)=~S €08 7 (3 — ) (. . .) d¥g
0

The particular solution of the homogeneous system of equations (5.9) (for P; =1) has the
form

v NVIgW13
Calo = ;6 — Y(’)ICI"‘ 2 1— 2’V) 'ImsE -3 (13_ :,) v,

vBuwsl vzyfw
T(1l—2v) —2(1—v) v

Cax® = 098, — yanlp —

: VO3S | _vIyang
Cas°=°3=°'s—“r'0’1§a— 2(1'_\,) - 2(1“—;\')

(0 =03+ ab, + B, = ao, + Bo, — y3(y)

where o;= Cyjl,,., are arbitrary two-dimensional functions.

Now setting o0;=1{; =0, we arrive at the particular solution of the inhomogeneous system
(5.9)

(1= 29) Car¥ = — 10 (P1) + gy [ (P) 02 (Pa) + i (P)]

(1= 29) Cot¥ = — 4 (P2) + gy [ (P) - via (P + 1 (Py)]
(1= %) Ca# = — i (Po) + gy [ = ¥ (P +is (P) + - i (P) |
(P = aP; + BP,)

The two-dimensional functions ¢{; ¢; (the initial functions) are determined from the
boundary conditions p¥=jf’ or y; =y Oon z,=20, hs.
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